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FORTRAN PROGRAM FOR CALCULATING THE 
TRAJECTORY OF PROJECTILES 

Nils Gylden and Rke Johnson, 
Research Institute of National Defense, Stockholm 

Assignment Number D'+ 23 F 

Recipients: MHZ ( 2  rx), FortF, FMV-A (5 ex), FMV-M (2 ex), 
FMV-f (2 ex), 
FOA 1 (2 ex), 
54 (3 ex), 56 

Introduction 

FFV/Hk (2 ex), AB Borfors ( 4  ex), LIAB/Lindesberg, 
FOA 4 (2 dx. FOA 2: 00, 07, 08, 20, 21, 24, 50, 
(3 ex), 57 ( 3  ex), 70 ( 3  ex), FRO. 

- /1* 

Certain FOA projects have demanded numerous and expensive 
computations of various projectile's trajectories where only the 
initial velocity, the Dupuis coefficient, and the projectile's 
form factor have varied, assuming that the projectile is stable. 

This report deals with a FORTRAN program in which the projec- 
tile is assumed to be a point moving in OB [expansion unknown] 
standard atmosphere under the influence of Dupuis' law of air re- 
sistance. Two degrees of aeromechanical freedom are allowed. 
Consideration has been made for the curvature of the Earth, and 
the accuracy of the program is within that of the artillery firing 
tables. 

Since one must consider the effects of air force in calcula- 
tions of trajectory motion, the motion equations are not analytical- 
ly solvable unless numerical solutions can be applied. This report 
is a description of the theoretical background, difference 
equations and the computer program. 

* Numbers in the margin indicate pagination in the foreigil text. 
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Equations for Trajectory Motion 

The motion equations presented here ailow for the curvature 
of the earth. The Coriolis effect, whose influence upon trajectory 
motion depends upon the firing direction, is ignored. Polar 
coordinates (r, e ) ,  with the datum at the earth's center, have 
been used. The coordinate system (x,y) is defined as: 

Thus the altitude above the earth's surface is y, while x is a 
coordinate on the surface. The motion equations in the coordinate 
system (r, e )  are: 

We now include t€,*: air force upon the projectile -m f(v), and 
assume that this force is applied in the trajectory tangent's 
direction. With the inclusion of the gravitational acceleration, 
we then derive: 

= - m f (v)  Z / V  d r  -mg 

= - m f (v )  r x / v  de 

where 

( 3 )  
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In the (x,y) system the motion equation.. q are: 

Air Forces 

At time 
point x = 0, 

t = 0, the projectile is assumed to depart from the 
Y = Yo. Its velocity is vo, and its direction of 

travel corresponds to the angle of elevation I $ ~ .  

the projectile due to drag is described according to Dupuis f(v) = 

CD -p/po*F(M,j) where CD is a constant, p is the pressure, po is a 
reference pressure, M is the Mach number and j is a form factor. 
When 1 c M, we have, according t o  reference 1: 

Retardation of 

F(M, j)= 96000(M-,j-0,5) + 15936(M-2,05) 10- 5,5(M-1,94)2 (6) 

when 0,83931 < M 1 the iollowing is true: 

F(M,j)= 96000(0,14-0,35 j+(O,36-0,65 J )  10=5,8(ld)) ( 7 )  

when 0,81736 C M 5 0,83931 the following is true: 

F'(M , j )= 96000( 0 9 1 4+0 36.1 0- 598(1-aa)) - 58054 3 M2 

F(M,j)= (24630 - 58054 3 )  M2 

( 8 )  

andwhen M 5 0,81736 the following is true: 

(9) 

Environmental datahave been taken from reference 2. 
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The speed of sound C and the relatfve pressure p/po when y 
are : 

19,000 m 

and when y > 10,000 m 

For gravitational acceleration: 

Numerical Method of Solution 

The velocity is calcualted with Heun's method, which yields 
3 an error O(h in one time step. An initial value (index f) for 

dxldt (t+h) and dy/dt (t+h) is derived from: 

Thereby : 



An i n i t i a l  value of yf(t*h) for y a t  t i m e  t t h  is  derived from: 

Using these data, the function Uf( t th)  is calculated 
analagously t o  (16), af ter  which the f i n a l  ve loc i ty  values are 
derived from: 

The f ina l  position i s  determined by: 

x(t+h) = x ( t )  + !) [ s(t) + %(t+h)]) 

3 This formula a l so  has an error O(h ) i n  one time s t e p .  
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The time step should be increased succesively during the 
operation, since the velocity and the retardation forces tend to 
vary considerably. The following formula has been used: 

h=ct min { 
V 

(20) 

The first expression in equation 20 corresponds to a situation 
in which the air force can be ignored. 

The last expression in equation 20 corresponds to the 
characteristic velocity decrease interval in a situation where the 
air f w c e  is the dominating retardation mechanism. The factor 
a is selected small enough that satisfactory computational accuracy 
is achieved. 

AS v exceeds the speed of sound, a special formula for the 
time step must be used, since F(M,j) as per equations 1-4 varies 
discontinuously. 
> C and v(t+h) c C y  and when v(t) e C and v(t+h) > C. h has been 
derived from equation 20, and a new h value (ht) is calculated as 
follows : 

The following procedures have been used when v(t+h) 

The calculation is repeated from t till t+ht (at tth' the velocity 
v is extremely close to C). 
broken, equation 20 is once again used in selection of the time 
step. 

After the sound barrier has been 
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The c a l c u l a t i o n s  are te rmina ted  when y( tn+h)  0. The impact 
time tn tEh  i n  t he  p l ane  y = 0 i s  determined by using:  

and t h e  h o r i z o n t a l  p o s i t i o n  of  t h e  impact i s  determined by: 

8 = x(tn+sh) = x(tn) 3. Sh (t-t,) 

After a t r a j e c t o r y  has been c a l c u l a t e d ,  t h e  a va lue  i n  
equat ion  20 i s  ha lved ,  and t h e  c a l c u l a t i o n  i s  repeated. Th i s  
process  con t inues  u ~ t l l  t h e  d i f f e r e n c e  between t h e  two r e s u l t s  

- Sml < d ,  where d i s  an i n p u t  c o n s t a n t  and m = 1,2,3. . .  . 
The errcr i n  Sm+l i s  then  on t h e  o r d e r  o f  d/3. 

Computer Program 

The main r o u t i n e  processes i n p u t ,  ou tpu t  and most of t h e  
computational work accord ing  t o  equa t ions  14-23. Subrout ine  
FUNK i s  employed i n  c a l c u l a t i o n  of t h e  drag f u n c t i o n  F(M,.j) u s ing  
equat ions  6, 7, 8 o r  9, depending upon t h e  Mach number which i s  
a p p l i c a b l e .  The Mach number, t h e  r e l a t i v e  preo3ure and t h e  v e l o c i t y  
are c a l c u l a t e d  u s i n g  eq9at ions  10 ,  11 and 4 c r  13, i3 and 4 ,  u s ing  
t h e  MACH subrou t ine .  The t r a j e c t o r i e s  f o r  a co1,sIderable number 
of p r o J e c t i l e s  can be c a l c u l a t e d  i n  t h e  same run ,  and t h e  r e s p e c t i v e  
p r o j e c t i l e s '  data decks are given ou t  i n  o r d e r .  FORTRAN l is ts  f o r  
t h e  r o u t i n e s  are given i n  annexes 2-4. 

Input  and OJtput 

S I  u n i t s  are used f o r  a l l  i npu t  and ou tpu t .  The i n p u t  data i s  
punched accord ing  t o  t h e  form i n  annex 1, which c l e a r l y  i n d i c a t e s  
those  data which are t o  be e n t e r e d .  
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The time step conatan t  is 0.005-0.05. 

The table data i s  w r i t t e n  on u n i t  6 ,  and each i n d i v i d u a l  
t r a j e c t o r y  ( p o i n t  f o r  p o i n t )  i s  w r i t t e n  on u n i t  8 .  

Examples of ou tpu t  data are g iven  in annex 5, which inc ludes  
tables and diagrams of  several t r a j e c t o r i e s .  

When t h e  program i s  executed w i t h  t h e  o b j e c t  deck,  a CPU time 
o f  approximately 0.6 seconds per 100 steps is needed i n  IBM 360/75's 
high-speed s t o r a g e .  

F i n a l  Comments 

A s  shown, t h e  p o i n t s  of impact genera ted  by t h i s  progr&x 
e x h i b i t  small d i f f e r e n c e s  a f te r  the t ine  s tep  has been halved only  
a few times (see annex 5). There i s  e x c e l l e n t  agreement w i t h  the 
f i r i n g  tab les  g iven  i n  annex 5, which show t h e  r e s u l t s  of t e s t  
f i r i n g s  of 105 mm h igh  exp los ive  shells (m/60Z). According + 

f i r i n g t a b l e  (F1092-051920 SKZT 1 10.5 cm HAUB, page 2811, ti 
f i r i n g  range f o r  v = 61c m / s  i s  121 1/2 hm, 4 = 28.57O ( S O U ' ) ,  

j = 0.04 and CD = 3.213 x w i t h  l n g  8 [expansion unknown]. 
Our c a l c u l a t e d  r a d i u s  of a c t i o n  i s  121.43 hn. The c a l c u l a t i o n s  
were c a r r i e d  o u t  i n  r e l a t i v e l y  few time s t eps  because of the 
v a r i a b l e  time step.  T h i s  r e s u l t e d  i n  low c o s t s ,  approximatc.l!, 
0.80 k r / t r a j e c t o r y  f o r  approximately 50 time steps, which ~ # 1 3 . . w  

f o r  s a t i s f a c t o r y  accuracy i n  most ca ses .  

?he program i s  s t o r e d  i n  source  program form, and i n  o b j e c t  
form on punched ca rds  numbered 0 312 and G 313 ( f o r  product ion  
r u n s ) ,  i n  Gr indsJan ' s  data berminal, where data forms as per annex 
1 are available.  
i n  runs  w i t h  the o b j e c t  deck. 

Approximately 36 k bytes  of memory are  needed 

/10 - 
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Annex 2:l (4) /12 

PROGRAM FOR CALCULATION OF PROJECTILE TRAJECTORIES WITH TWO 
DEGREES AEROMECHANICAL FREEDOM. DUPUIS' LAW OF AIR RESISTANCE 
IS APPLIED. 

THE PROGRAM SELECTS A TIME STEP AND ADAPTS IT TO THE TRAJECTORY 
CONTINUALLY. 

INPUT 
CARD 1 TXT 20A4 CAPTION FOR MAX 80ALPHANUMERICAL SYMBOLS 
CARD 2 MMAX I5 NUMBER OF TIMES TIME STEP IS HALWD 

IHA I5 NUMBER OF DIFFERENT VELOCITIES FOR WHICH 
CALCULATION WILL OCCUR 

IVI 15 NUMBER OF VARIOUS ELEVATIONS FOR WHICH CALCU- 
LATION WILL OCCUR 

ICD 15 NUMBER OF VARIOUS CDO CONSTANTS FOR WHICH 
CALCULATION WILL OCCUR 

~A1FlO.O TIME STEP CONSTANT (SUITABLE VALUE = 0.005- 
0.05) 

YO F1O.O INITIAL ALTITUDE ABOVE GROUND FOR PROJECTILE 
D F1O.O MAXIMUM ALLOWABLE DIFFERENCE IN IMPACTS AFTER 

ONE OR MORE TIME STEP DIVISIONS 
S F1O.O FORM FACTOR (CORRESPONDING TO J IN FIRING TABLES) 

CARD 3 VO1 E10.3 INITIAL VELOCITY(S3' (IHA ST) 
Vl E10.3 ELEVATION(S) (IVI ST) WRITTEN DIRECTLY AFTER VO1 
CDA ~10.3 CDO CONSTANT(S) (ICD ST) WRITTEN DIRECTLY 

AFTER V1 
READOUT 
EACH INDIVIDUAL TRAJECTORY READ OUT STEP FOR STEP ON UNIT 8, WITH A 
COMPOSIT TABLE ON LJNIT 6 
SUBROUTINES INVOLVED: MACH, FUNK 
ALL UNITS IN SI SYSTEM 

ORIGINAL PAGE IS 
OF FOOR QUALITY 

[)Ii-,EN$r:Jn' T A T  (7 f l ) ,V I l1  ( 2 b ) v V I  ( 2 (  ) ? c " b ( z n )  
I j A T f i  
CALL 

1 i , . : * S T  , ' : Y / 7 7 . % L 5 7 C  9' . I 6 F - 7 * P . ? f F h /  
( . A  I t ( 1  Y ?  I!! 9 ~ * . . I ' I ' T Y *  1 " I . Y ,  f ! ; i  l r  

1 ~ t h ~ ~ ( + , , ~ , r : , ~ , , = i l )  ( i a . r  ( 6  ) , r = ~ , ? s ) , ,  ~ . i ~ ~ ~ ~ ~ , i v I , l ( . u r P L ~ ~ J ~ Y ~ ~ ~ n * ~  
> 6 t ) h m h  r (  ' , ( . l b L / C , r 3 , 4 F l ( ) . ( , )  

11 1 ' , 1  3 K r i ~ i O  
V I 1 1  r h t =  !. 
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3 A=-508*(1 0-U 1 
p=906E4*(Oo14-Oo35*S+ ( 0 0 3 6 - 0 0 b S * S )  * 1 0 o * * A )  
RETURN 

4 IF ( U-0081f36) 6 t6  95 
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ALTI - C 
C ' p u ~ ~  O L E O  10000 M 
C 

2 T = l . - Y * 2 a 1 5 8 2 7 3 € - 5  
C = 3 3 4 0 3 3 * S O R T  ( T  1 
Q s T  **5 07 

u = v / c  
RETURN 
END 

3 VPSORT(DYDT*DYDT + D X D T * D X D T * ( l o  + Y / 6 0 3 7 E 6 ) * * 3 )  
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